We determine the interface free energy F o.d. between disordered and ordered phases in the q=10 and q=20 2-d Potts models using the results of multicanonical Monte Carlo simulations on L 2 lattices, and suitable finite volume estimators. Our results, when extrapolated to the infinite volume limit, agree to high precision with recent analytical calculations. At the transition point β t the probability distribution function of the energy exhibits two maxima. Their locations have 1/L 2 corrections, in contradiction with claims of 1/L behavior made in the literature. Our data show a flat region inbetween the two maxima which characterizes two domain configurations.
Introduction
First order phase transitions play an important role in statistical mechanics as well as in field theory, see for instance [1] . For example, the finite temperature phase transition of Quantum Chromo Dynamics and the symmetry restoration phase transition of the weak interaction theory are likely to be first order. The value of the interface free energy is a parameter of great importance. It determines the non-equilibrium properties of the phase transition. In this paper we address the question of how to determine the value of the interface free energy using Monte Carlo simulations. For this purpose we consider much simpler models namely the 2-d q=10 and q=20 Potts models [2] , which in statistical mechanics are prototype models of systems with first order phase transitions.
Recently two interesting analytical results have been obtained for Potts models in the first order phase transition region. One is a rigourous theory of finite size scaling (FSS) [3, 4] , which has been proven for large values of q, although it is likely to hold for all q > 4. However, it has been found numerically that very large lattices are required in order to observe the predicted behavior [5] . The other result are calculations of the 2-d spin-spin correlation length at the infinite volume phase transition point β t [6, 7] . The exact value of the order-disorder interface free energy F o.d. follows [8] . These results could then be compared with previously obtained Monte Carlo (MC) results, of which the multicanonical [9, 10] proved to be most accurate. Table  1 displays the exact interface free energy for q=7, 10 and 20 together with MC estimates. Although the overall accuracy of the MC estimates is quite satisfactory, it seems that there are uncontrolled systematic errors larger than the estimated statistical error. It is thus a challenge to improve the methods employed for infinite volume estimates from finite volume numerical calculations. These questions are addressed in the next two sections of the paper. In section 4 we analyze multicanonical MC data for q=10 and 20. Section 5 summarizes the final conclusions.
Finite Volume Energy Distribution
We consider L d lattices with periodic boundary conditions. In the 2-d Potts model the energy density ranges in steps of 1/L 2 in the interval −2 ≤ E ≤ 0. Numerical simulations yield statistical estimates of the canonical probability density P L (β, E). In this paper we are concerned with the shape of P L (β, E) in the vicinity of the transition point β t , in order to extract the interface free energy F o.d. . In the transition region one expects for P L (β, E) the existence of two distinct maxima P 
Here are f o (β) and f d (β) smooth L independent functions, representing the free energy densities of the ordered and disordered phases. Furthermore one has f (β) = min{f o (β), f d (β)}. At β t both free energies become equal to f (β t ). In the vicinity of β t they possess the expansions
with i = o, d respectively. The C i and the E i denote infinite volume specific heat and energy densities at β t . In 2-d they have the exact values [11] 
The large q expansion of [12] gives C o = 18.06(4) and C o = 5.362(3), in addition numerical simulations indicate C o = 12 − 18 for q=10 and C o = 5.2(2) for q=20 [13, 5] . We obtain the density of states Ω L (E) by inverse Laplace transform.
We now consider the specific form
, which is the form of the partition function of each of the bulk phases of eq.(1), neglecting terms O(e −bL ) (we understand that this is not a valid procedure for values of E close to E min L , see below). It follows
This integral is computed using the steepest descent method. The saddle point is at ζ = β s (E) which is solution of the equation
β s (E) is the value of β for which E is the internal energy of the system. Since
is negative the straight path ζ = β s + ix, with x real, is the steepest descent, and we obtain the saddle point approximation
The gaussian approximation for
This form corresponds to Binder's ansatz for P L (β, E) in the vicinity of a first order transition point [14] . In this approximation the locations of the maxima E max,i L of P L (β, E) show no finite volume dependence. In order to find the dependence, one keeps one more term in the expansion of g(β). Then
. This effect is due the asymmetry of the fluctuations inside each bulk phase, and is not the one advocated in [15] .
A few remarks on the two Gaussian approximation are appropriate here.
• The two Gaussian approximation predicts at the transition point β t a ratio
Putting in actual numbers for C o and C d we find R 10 = 10.12 for q=10 and R 20 = 21.4 for q=20. The ratio of the weights of the ordered and disordered states is precisely equal to q. This follows from eq.(1) and does not rely on the gaussian approximation.
• The widths of the two peaks of P L (β, E) are predicted, namely
• Inbetween the two maxima the Gaussian approximation is incorrect. In this region mixed phase configurations dominate, this is the subject of the next section.
Mixed Phase Configurations
For energies between the two peaks and large L, the probability to be in a pure phase is suppressed like exp[
Mixed phase configurations, where each phase occupies a macroscopic fraction of the system, become dominant [16] the configurations with minimum interface area contains two planar interfaces, closed by periodic boundary conditions. Closer to the peaks configurations with minimum interface are made of a single macroscopic bubble of one phase inside the other phase. The shape of the bubble is given by the Wulff construction, it is spherical when the correlation length becomes infinite. The interface area of a two planar interface configuration is 2L d−1 . In the 2-d case, it dominates over the spherical bubble configuration for
with
Such a behavior has been rigourously shown to occur for the order order magnetic transitions of the 2-d Ising model in the broken phase [17] . Numerically it was observed for the 2-d and 3-d Ising models [18] . Two planar interface configurations, with a fraction x of the volume in the ordered phase, contribute to the partition function as
The first two factors are contributions from the pure phases. The factor
and p = d − 1 in the capillary wave approximation [19, 20] .
At the infinite volume transition point β t the free energy densities f o and
It means that in the region around E min L the probability distribution
This formula could be used to determine the interface tension. However, we found it more convenient to use the ratio P
, and introduce the finite volume estimator
It is convenient to consider P L (β t , E) because one can check whether it has a flat part as it should. If it does not, the value of F o.d. extracted from eq. (16) is questionable. However this equation, with L d (β − β t ) dependent a i 's, holds asymptotically for all β in a ∝ 1/L d neighborhood of β t (e.g. at the equal heights point like in [9] ).
Numerical Results
The simulations have been performed with the multicanonical algorithm [9] , for more information we refer to [5] . For q=10 we have simulated lattices in the range from 12 2 to 100 2 , for q=20 from 16 2 to 70 2 . The statistics for q=10 is given in [9] , for q=20 in [5] , and additional q=20 statistics is collected in Table 2 . Errors quoted in this paper are bias corrected jackknife estimates. The simulations have been performed on the Saclay Cray X-MP, on RISC stations of the SCRI workstation cluster and on an ALPHA station at Bielefeld University.
For the determination of the quantities P
we adopt the following procedure. After locating approximate values we fit the probability function P L (β t , E) in the vicinity of the maxima on an energy interval corresponding to a decrease of P L (β t , E) by at most a factor 1/e of its maximal value. We use the cubic form
We have checked that the fits gave acceptable χ 2 /d.o.f values. Figure 1 displays an example for the q=20 model on a 50 2 lattice. It can be seen that the probability distribution in vicinity of the maximum shows a sizable asymmetry, demonstrating that the cubic term is needed in order to give a good description of the data. For the determination of the quantities P min L and E min L we found it sufficient to use a quadratic fit analogue to eq. (17) with α = 0. An example of such a fit is displayed in Figure 2 .
Using eq.(9) and the width parameters σ i for i = o, d as obtained by the fit (17) we determine finite volume estimators of the specific heats C o (L) and C d (L). The results are collected in Table 3 for q=10 and in Table 4 for q=20. Figure 3 displays a plot of C o (L) for q=10 and q=20, together with asymptotic values predicted by a large q-expansion [12] . In case of q=20 our data for C o (L) converge towards a value consistent with the large q expansion results and the FSS study [5] that gives C o = 5.2 (2) . In addition, the data for
approach, as L grows, the exactly known infinite volume limit. For the q=10 model the data overshoot the value C o = 12.7(3), obtained from the FSS of the extrema of the specific heat [13] . The value indicated by the large q-expansions is C o = 18.06 (4) . A value C o ≈ 18 was obtained in [13] from the FSS of the specific heat at β t . Much larger lattices would be required in order to see C o (L) approach this limit (The correlation length [7] at β t is ξ disorder = 10.56 for q = 10 and 2.70 for q = 20).
In figure 4 to 7 we display the locations of the maxima E Tables 3  and 4 . For our largest lattices the predicted linear dependence on 1/L d is born out. The deviations observed can be reproduced [21] within the formalism of [12] . This rules out the 1/L behavior predicted in [15] . For the larger sized lattices the ratio R q become consistent with the theoretical prediction q C d /C o . These tables contain also our estimates for the partition functions ratios
They are defined by summing the probability distribution function at β t over corresponding energy ranges E < E min L , resp. E > E min L . These ratios are consistent with the value q as predicted by theory. Unfortunately, due to small numbers of tunneling events, they have sizable errors on our largest lattices.
In figure 8 we display a selection of our data for the probability distribution function P L (β t , E) for the q=20 Potts model. An analogous figure for the q=10 Potts model can be found in [9] . We observe the unfolding of a flat region of the probability distribution function on our largest lattices L > 38, therefore giving direct numerical evidence for the dominance of two planar interface configurations. On the 50 2 , 60 2 and 70 2 lattices we have tried to estimate the limits of the energy range where this occurs. For this purpose we have numerically estimated the curvature of the probability distribution function. We assume that on finite lattices the locations of largest curvature determine the limits. An example of this procedure is displayed in figure 9 . The obtained values, as collected in Table 5 , are rather close to the values E ± of the spherical bubble model. Tables 3 and 4 also contain our results for the finite volume estimators of the interface free energy F (L). They have been plotted in figures 10 and 11 as a function of the variable 1/L. The horizontal line in these figures always denotes the known analytical value [7] . It can be seen that in case of the q=10 model the finite size behavior of F (L) is very well described, in the whole L range, by a correction proportional to 1/L (i.e. p = 1) as predicted by the capillary wave approximation. However in the q=20 Potts model we find a more complicated behavior. We cannot draw a conclusion on the actual form of the functions F (L), i.e. it is undecided whether logarithmic corrections are present or not.
We have performed several fits with the form eq. (16) . We have successively freed higher order corrections in 1/L and also varied the interval of lattices sizes. The results of this fits together with their χ 2 /d.o.f. values are collected in Tables 6 and 7. All fits of Table 6 and most fits of Table 7 are within one standard deviation consistent with the exact F o.d. result of table 1 (In the q = 10 case, this consistency is obtained although we do not observe the expected flat part in P L (β t , E), in the q = 20 case this consistency requires either to omit small lattice data, or to include 1/L 2 corrections). As our final result we quote 
Conclusion
We have presented a careful analysis of properties of the probability distribution function P L (β, E) in the 2-d q=10 and q=20 Potts model at the infinite volume transition point.
• On our largest lattices the ratio of the heights of the two maxima of P L (β t , E) follows the prediction of the Gaussian model. The ratio of the ordered to the disordered partition function is equal to q. The finite volume corrections to the locations of the maxima of the energy follow a 1/L d behavior with a slope as predicted by the large q expansion.
• The Gaussian width of the peaks of P L (β t , E) approaches for large volumes the prediction of the Gaussian model with specific heat parameters C o and C d , which in the case of the q=20 Potts model are very well consistent with the large q expansion and a determination using finite size scaling. In the q = 10 case lattices much larger then 100 2 would be required in order to see the asymptotic behavior.
• The finite volume interface free energy estimators allow in both cases a natural extrapolation of the data to the recently calculated exact infinite volume values. Our results are consistent with those values.
• Around E min L
we observe the unfolding of a flat region in P L (β t , E). It is an interesting recent observation that this effect can be enhanced by using lattices which are elongated in one direction [22] .
MC estimate 7 0.020792 0.0241 (10) [10] 10 0.094701 0.0978 (08) [9] 20 0.370988 − Table 3 : Finite volume results for the q=10 Potts model at β t , together with theoretical expectations in the infinite volume limit. Table 6 : Results of fits of the form eq. (16) to the finite volume estimators F (L) of Table 3 for the q=10 Potts model. Column one specifies which parameters of the fit where fixed to 0, with b = −p + d/2. The fit intervals are from L min of column two to L max = 100. The fit marked with (*) denotes the fit which results into our infinite volume estimate eq. (18) . It has been plotted in figure 10 . Table 7 : Results of fits of the form eq.(16) to the finite volume estimators F (L) of Table 4 for the q=20 Potts model. Column one specifies which parameters of the fit where fixed to 0, with b = −p + d/2. The fit intervals are from L min of column two to L max = 70. The last column specifies whether the exact F o.d. result is within one standard deviation of the fitted value. The fit marked with (*) denotes the fit which results into our infinite volume estimate eq. (19) , the one marked with (**) has been plotted in figure 11 . 2 lattice. The statistical errors cannot be resolved. In the upper half of the plot we display a numerical estimate of the curvature of ln P L (β t , E). The transition from the two planar interface to the single bubble region is indicated by two peaks. Their position is compared with the prediction for spherical bubbles . 
